Abstract. In this paper, we mainly discuss the three-dimensional incompressible axisymmetric Euler equations without swirl in R 3 . Specifically, we prove the global existence of weak solutions if the swirl component of initial vorticity
Introduction and main results
In this paper, we are concerned with the three-dimensional incompressible Euler equations ∂ t u + u · ∇u = −∇p, ∇ · u = 0, (1.1) in the whole space R 3 with initial data u(0, x) = u 0 (x), where u = (u 1 , u 2 , u 3 ) and p = p(x, t) represent the velocity fields and pressure respectively. The mathematical study to the incompressible Euler equations takes a long history with a large associated literatures. For two-dimensional case, Wolibner [24] obtained the global well-posedness of smooth solutions in 1933. Then, this work was extended by Yudovich [25] , who proved existence and uniqueness for a certain class of weak solutions if the initial vorticity w 0 lies in L 1 ∩L ∞ (R 2 ). Later, under the assumption of
for some p > 1, Diperna and Majda showed that the weak solutions exist globally in [8] . Furthermore, if w 0 is a finite Radon measure with one sign, there are also many works related to the global existence of weak solutions, which can be referred to [6, 9, 19, 21] for details. However, the global existence of smooth solutions for 3D incompressible Euler equations with smooth initial data is an important open problem, with a large associated iterature. From mathematical point of view, in two-dimensional case, the corresponding vorticity w = ∂ 2 u 1 − ∂ 1 u 2 is a scalar fields and satisfies the following transport equation
which infer that its L p norm is conserved for all time. Nevertheless, for the threedimensional case, w becomes a vector fields and the vortex stretching term w · ∇u occurs in the equations of vorticity w = ∇ × u, i.e., ∂ t w + u · ∇w = w · ∇u.
The presence of vortex stretching term leads to more difficulties to prove the global regularity, which is the main reason causing this problem open. Therefore, some mathematicians find out certain geometrical assumptions, which provide the possibilities to explore the global well-posedness of three-dimensional inviscid flow. One typical situation is the 3D axisymmetric flow.
Whereas, under this particular structure, it is still an open problem to exclude the singularity which occurs (if there is) only on the symmetry axis (see [2] ), even for the Cauchy problem. But if the swirl component of velocity fields, u θ , is trivial, Ukhovskii, Yudovich [26] and Saint Raymond [22] proved that the weak solutions in the whole space are regular for all time. It should be noted that under this additional assumption, the corresponding vorticity quantity w θ r is transported by a divergence free vector fields, which makes the problem more close to the 2D case.
Afterwards, many mathematicians are committed to looking for the minimal initial assumptions, which are required to guarantee the existence of global weak solutions. In 1997, D. Chae and N. Kim proved the global existence of weak solutions under the assumptions that
for some p > 6/5 in [4] . Later, D. Chae and O.
Y. Imanuvilov [3] obtained the similar result by assuming u 0 ∈ L 2 (R 3 ) and | 
(for some p > 1) by using the method of viscous approximations. Regarding other related works, one can refer to [1, 5, 10-12, 14, 15, 17, 23] . Now, a natural question comes, if one can generalize Diperna and Majda's work [8] for 2D case to 3D axisymmetric flow without swirl?
In the present paper, we give a positive answer to this question. That is, for given initial data
for some p > 1, the weak solutions exist globally. As a matter of fact, our work can be seen as an improvement of previous results by removing initial assumption u 0 ∈ L 2 (R 3 ). In the process of our proof, the new ingredient is the rigorous L p loc (R 3 ) estimates of velocity fields. In this case, the basic energy estimates take no effect, which brings us difficulties in employing the compactness argument. To overcome them, we make attempt to establish the L 
loc (R n ) holds for any p > 1 when n = 2 and p > 6/5 when n = 3. Because of this, in [4] , the authors took the critical index p as 6/5. However, in the cylindrical coordinate, 3D Lebesgue measure is rdrdθdz and the radial, swirl and z-component of axisymmetric vector fields are the functions of variable r and z only. This means that in any compact regions away from the axis of symmetry, r is non-zero and bounded and therefore 3D measure rdrdθdz is equivalent to 2D measure drdz. Thus, in any compact regions away from the axis of symmetry, the strong convergence of approximate solutions can be guaranteed by the W 
, which is sufficient to finish all the proofs.
Before stating our main result, we would like to introduce the definition of weak solutions to (1.1) as follow. Definition 1.1 (Global weak solutions). For any T > 0, the velocity fields
) with initial data u 0 is a weak solution to (1.1) if it holds
Under this definition, our main result can be stated as below.
with some p > 1. Then, for any
in the sense of Definition 1.1.
. For example, we take a radial function u 0 (x) such that
For this function, it is clear that |w 0 (x)| ∼ |x|
This paper is organized as follows. In section 2, we introduce some notations. In section 3, we will concentrate on the a priori estimates of velocity fields. Section 4 is devoted to prove the global existence of weak solutions.
Preliminary
In this section, we fix notations and set down some basic definitions. Initially, we would like to introduce the definition of 3D axisymmetric flow.
Definition 2.1 (Axisymmetric flow).
A vector field u(x, t) is called axisymmetric if it can be described by the form of
in the cylindrical coordinate, where e r = (cosθ, sinθ, 0), e θ = (−sinθ, cosθ, 0), e z = (0, 0, 1). We call the velocity components u r (r, z, t), u θ (r, z, t), u z (r, z, t) as radial, swirl and z-component respectively.
Remark 2.1. In the following context, we will use the notations u r , u θ , u z instead of u r (r, z, t), u θ (r, z, t), u z (r, z, t) for simplicity.
With above definition, we turn to set up the equations satisfied by u r , u θ , u z . Initially, under cylindrical coordinate, it is trivial that the gradient operator can be expressed in the form of ∇ = e r ∂ r + 1 r e θ ∂ θ + e z ∂ z . Then, by some basic calculations, one can rewrite (1.1) as
3) whereũ = u r e r + u z e z and∇ = e r ∂ r + e z ∂ z . In addition, by (2.3) 2 , it is clear that the quantity ru θ satisfies the following transport equation:
Thanks to (2.4), the following well-known Proposition holds.
Proposition 2.1. Assume u is a smooth axisymmetric solution of 3D incompressible Euler equations, then the swirl component of velocity u θ will be vanishing if its initial data u θ 0 be given zero.
Proof. Becauseũ is divergence free and (2.4) holds, by multiplying (2.4) with ru θ and integrating on (0, t), it follows that
Then, considering that u θ is smooth, we can conclude that u θ ≡ 0 for any t > 0.
Therefore, if u θ 0 = 0, then the corresponding vector fields becomeũ and its voritcity can be described as w = w θ e θ , where w θ = ∂ z u r − ∂ r u z . What's more, the scalar quantity w θ r is transported by divergence free vector fieldũ, that is
This means that w θ r is conserved, which together ∇ ·ũ = 0 implies the following property.
Conservation laws for
. Suppose u is a smooth axisymmetric solution of 3D incompressible Euler equations, with its initial swirl component u 
A priori estimates of velocity fields
In this section, we will focus on the W 1,p loc (R 3 ) estimates of velocity fields. The first step is to show existence of stream function, which is firstly given in Lemma 1 of [18] .
Lemma 3.1. Let u be a smooth axisymmetric velocity fields without swirl and ∇·u = 0, then there exists a unique scalar function ψ = ψ(r, z) such that u = ∇ × (ψe θ ) and ψ = 0 on the axis of symmetry r = 0.
Naturally, this Lemma together with ∇ · u = 0 and w = ∇ × u = w θ e θ , tell us that
Then by the elliptic theory, we have
where X = (r x , θ x , z x ) and G(X, Y ) = |X − Y | −1 stands for the three-dimensional
Green's function in the whole space. Regarding the Green's function G(X, Y ), it is well-known that the following two properties (i) :
(ii) :
hold for all (X, Y ) ∈ R 3 ,X = (−x, −y, z) and k = 0, 1, 2.
Until now, we have established the formulation (3.7). However, in order to find out the explicit form of ψ(r x , z x ), we need to fix the value of θ x . Therefore, by making use of the rotational invariance and putting θ x = 0 in (3.7), we derive the explicit form of ψ in terms of w θ
where X = (r x , 0, z x ). On this basis, we intend to utilize the stream function to establish L p loc (R 3 ) estimates of velocity fields. And we would like to introduce the following Lemma, which is our new observation and the cornerstone of this paper.
Lemma 3.2. Assume u and ψ be as in Lemma 3.1, w = ∇ × u = w θ e θ , then there holds that
and
where C is an absolute constant and X = (r x , 0, z x ).
Proof. First of all, we do the estimate of |∂ r ψ|. From (3.10), we have
which together with (3.9) yields that
Thus, to prove (3.12), it suffices to verify that
Without loss of generality, we assume θ * be the unique real number θ y ∈ [0, ] and denote X t = (rcos t, rsin t, z) for t ∈ [−π, 0]. Besides, for the function f (x, y, z) = f (rcos θ, rsin θ, z), it is clear that ∂ θ f = r∂ h f · e θ , where ∂ h = (∂ x , ∂ y , 0). Whence, by the mean value theorem, it follows that
Then, by employing the fact |X − Y | ≤ |X t − Y | for all t ∈ [−π, 0] and (3.8) , it holds that
Thus, we have obtained the estimate of III, that is
What's more, the estimate of I can be treated by the same arguments with III. Thus, by adding up all the estimates, one can derive the estimate of |∂ r ψ|. As for |ψ| and |∂ z ψ|, one can estimate it in the similar way and we will omit it here.
Remark 3.1. In [5, 23] , the authors have ever used the estimate of |∂ z ψ| to establish
. However, we discover that the estimates of |ψ|, |∂ r ψ| and |∂ z ψ| can be used to establish L p loc (R 3 ) estimates of velocity fields.
Thanks to Lemma 3.2, we can derive the following L p loc (R 3 ) estimates of velocity fields, which is the key contribution of our work. Thanks to the following Proposition, then we can remove the assumption on initial velocity fields u 0 ∈ L 2 (R 3 ).
estimates] Given u as a smooth axisymmetric velocity fields without swirl and ∇ · u = 0, then there holds
for any p ∈ (1, ∞).
and the constant C(R) depends only on R.
Proof. According to Lemma 3.1, for axisymmetric smooth velocity fields u with zero swirl component, there exists a unique stream function ψ such that u = u r e r + u z e z = ∇ × (ψe θ ).
This implies that u r = ∂ z ψ, u z = ∂ r ψ + ψ r and |u| ≤ |∂ z ψ| + |∂ r ψ| + | ψ r |. Then, by Lemma 3.2, we have
where we used the inequality |r x − r y | ≤ |X − Y |. Therefore, for any p ∈ (1, ∞) and cut-off function χ A with compact support set A, by Young's inequality for convolutions, one has
Regarding the left terms, by applying Hölder inequalities and Young's inequality for convolutions, it follows that
Thus, one can finish the proof by summing up (3.13) − (3.15).
At last, it suffices to deal with the L p loc (R 3 ) estimates of ∇u in terms of w θ . According to Proposition 2.20 in [20] , the gradient of velocity field can be expressed in terms of its vorticity by
Here P is a singular integral operator of Calderon-Zygmund type which is generated by a homogeneous kernel of degree -3 (see [16] ) and h is a vector field. Moreover, the explicit form of [Pw] h is
[Pw]h = −P.V.
Therefore, with the help of (3.16) and (3.17), we are in the position to build up the following estimates.
Assume that u is a smooth axisymmterical velocity fields with divergence free and zero swirl component, then for any p ∈ (1, ∞), there holds
where B R = B R (0) ⊂ R 2 be a 2D ball and the constant C(R) depends only on R. As P is a singular operator of Calderon-Zygmund type, hence by the CalderonZygmund inequality for p ∈ (1, ∞), it follows that
Regarding the second term, by (3.17), we have II = −P.V. 
which implies, after utilizing some basic calculations, that
Thus, we can finish the proof by adding up (3.18) and (3.19).
Global existence of weak solutions
This section is devoted to prove global existence of weak solutions. The first step is to construct a family of approximation solutions. To begin with, we would like to introduce the standard mollifier ρ ǫ which can be described by
where ρ ∈ C ∞ 0 (R 3 ), ρ ≥ 0, supp ρ ∈ {|x| ≤ 1} and R 3 ρ dx = 1. With the help of this mollifier, we have the following theorem. 
(4.20)
Proof. Without loss of generality, we assume that w 0 has the compact support. Otherwise, we can redefine w 0 = ρ ǫ * (χw 0 ) for any cut-off function χ, which is compact supported in R 3 . By our construction for initial data, it is clear that w 
On this basis, by Theorem 2.4 of [7] , there exists a unigue global axisymmetric smooth solution u ǫ . What's more, as Euler equations keep invariant under the rotation and translation transformations, it is obvious that the vector fields u ǫ is still axisymmetric. Except that, the swirl component u ǫ θ is also vanishing due to its initial data u ǫ 0,θ be given zero. Finally, by the properties of standard mollifier, it follows that
Furthermore, considering that w ǫ r satisfies the transport equation (2.5) and applying (2.6), one has w ǫ r L 1 ∩L p (R 3 ) ≤ C. This together with Proposition 3.1 and 3.2 leads to (4.20) .
As discussed in the introduction, in order to improve the index p from 6/5 to 1, it is necessary to employ the compactness arguments in any compact support, which is away from the axis of symmetry. Also, the strong convergence locally in the whole space is essential. Hence, we would like to introduce following Proposition, which is pretty necessary in our proof of main theorem and introduced by Jiu and Xin [15] .
Proposition 4.1.
[15] For the approximate solutions {u ǫ } constructed in Theorem 4.1, if there exists a subsequence {u ǫ j } ⊂ {u ǫ } such that, for any Q ⊂⊂ R 3 \{x ∈ R 3 |r = 0} and ǫ j → 0,
then there exists a further subsequence of {u ǫ j }, still denoted by itself, such that, as
Thanks to Proposition 4.1, the strong convergence in the compact region excluding the axis of symmetry is sufficient in the process of passing limits. Therefore, with the help of a priori estimates in Proposition 3.1 and 3.2, we can prove our main theorem as follow. Then, by a diagonal selection process, we can extract a subsequence of u ǫ j independent of R (still denoted by u ǫ j ) such that Until now, we actually have proved that there exists an axisymmetric vector field u without swirl , such that u ǫ j → u in L 2 (0, T ; Q) for any Q ⊂⊂ R 3 \{x ∈ R 3 |r = 0}.
Therefore, by Proposition 4.1, there holds that
The last step is to pass limit in the equations satisfied by u ǫ . As a matter of fact, it suffices to show the convergence of nonlinear term. Considering that u ǫ j → u strongly in L 2 (0, T ; L 
